The radiative recombination of a free electron into an excited state of a bare, high-Z ion is studied, together with its subsequent decay, within the framework of the density matrix theory and Dirac's relativistic equation. Special attention is paid to the polarization and angular correlations between the recombination and the decay photons. In order to perform a systematic analysis of these correlations the general expression for the double-differential recombination cross section is obtained by making use of the resonance approximation. Based on this expression, detailed computations for the linear polarization of x-ray photons emitted in the (e, 2γ) twostep recombination of uranium ions U 92+ are carried out for a wide range of projectile energies.
Introduction
Radiative recombination (RR) is one of the basic processes that occurs in many stellar and laboratory plasmas as well as in collisions of heavy ions with electrons at ion storage rings and electron beam ion traps (EBIT). In this process, a free (or quasi-free) electron is captured into a bound state of an ion under the simultaneous emission of a photon. Because of their practical importance, detailed RR studies have been carried out during the last two decades for many elements and for a wide range of collision energies. At the GSI storage ring in Darmstadt, for example, a large number of experiments have been done for the electron capture into bare high-Z ions, giving rise to hydrogen-like ions after the recombination has taken place [1, 2, 3, 4] . In the earlier experiments, the total and angle-differential cross sections have been measured hereby mainly for the ground-state capture and were found in good agreement with computations based on Dirac's equation [5, 6, 7, 8, 9, 10, 11, 12, 13] . Apart from the RR into the 1s 1/2 ground state, most recent studies have dealt also with the electron capture into the excited ionic states which later decay under the emission of one (or several) characteristic photons [14, 15, 16] . Such a subsequent decay is characterized (apart from the well known energies) by its angular distribution and polarization of the emitted photons. Both of these properties are closely related to the magnetic sublevel population of the excited ion as it arises from the electron capture. Several experiments have been carried out during last few years in order to study the angular distribution and linear polarization of the subsequent photons and, hence, enabled one to derive the alignment of the residual ions. For the capture of an electron into the 2p 3/2 state of a bare uranium ion, for instance, a strong alignment was found especially for the residual ions, both by experiment [3] and in computations [15] .
In most experiments on the radiative decay cascades of high-Z ions, that were performed so far, the emission of the first, recombination photon remained unobserved. Although some insight about the collisional dynamics and electronic structure of heavy ions can be gained already from such an individual analysis of the characteristic radiation, more information is obtained, if both, the recombination and decay photons are measured in coincidence. Moreover, such photon-photon coincidence studies may have a significant impact also for the development of novel experimental methods and techniques. It was recently argued, for example, that they may help to determine the polarization properties of heavy ions beams [17] , a request which has been recently made by several groups. Information about the ion polarization is required for studying, for example, the parity non-conservation (PNC) effects in highly-charged ions or in heavyion collisions [18, 19] .
Despite of the importance of coincidence RR experiments for the forthcoming heavy ion research, little attention was paid up to now to their theoretical foundation. A first step towards the theoretical description of the (e, 2γ) RR process has been done only recently by us in Ref. [16] . In that paper, we have investigated the angle-angle correlations between the recombination and the subsequent decay photons, assuming that the polarization state of the photons remain unobserved. Owing to the recent advances in x-ray polarization techniques [20, 21] , however, a polarization-resolved analysis of the correlated photon emission might become feasible in the next few years.
In this contribution, we study here the polarization correlations between the recombination and the subsequent decay photons in the (e, 2γ) radiative recombination of bare, high-Z ions. These correlations can be described most easily in the framework of the density matrix theory, based on Dirac's relativistic equation. However, before we shall present details from this theory, we first summarize in Section 2 the geometry under which the photon-photon polarization correlations are to be considered. In section 3, then, we make use of the resonance approximation in order to derive the general expression for the double-differential RR cross section which depends on the emission angles and the polarization states of both photons. Starting from this cross section, we perform in Section 3.4 a theoretical analysis for two selected scenarios of possible x-x coincidence studies. First, we shall discuss the angle-polarization correlation in which the linear polarization of the characteristic radiation is explored, while the spin states of recombination photons remain unobserved. Vice versa, the angular distribution of the characteristic decay photons, following the emission of linearly polarized RR photons, is discussed as a second scenario, then called the polarization-angle case. While, of course, the derived correlation functions can be applied to all hydrogenlike ions, detailed computations have been carried out for the electron capture into the 2p 3/2 state of initially bare uranium ion, and along with its subsequent Lyman-α 1 (2p 3/2 → 1s 1/2 ) decay. Results of our calculations are presented in Section 4 and indicate strong correlations between the angular and polarization properties of the recombination and decay photons. Finally, a brief summary is given in Section 5.
Relativistic unitsh = m e = c = 1 are used throughout the paper unless stated otherwise.
Geometry of the two-photon radiative recombination
In order to explore the polarization correlations in the two-step radiative recombination of (finally) hydrogen-like ions, we shall first agree about the geometry under which the emission of both, the recombination and decay photons is observed. In the present work, the angular-and polarization-resolved properties of the photons will be analyzed in the projectile frame (i.e. the rest frame of the ion). Since in this frame the only preferred direction of the overall system is given by the electron momentum, here we adopt the quantization axis (z-axis) along the direction of the incoming electron (as seen by the ion). Together with the wave vector of the first photon k 1 ≡ k RR , this axis then defines also the reaction plane (x-z plane). Thus, only one polar angle θ 1 ≡ θ RR is required to characterize the first, recombination photon, while the two angles (θ 2 , φ 2 ) are used for describing the emission of the subsequent decay photon (cf. Fig. 1 ).
For the theoretical analysis below we have to account for not only the emission angles but also the linear polarization vectors ǫ 1 and ǫ 2 of the recombination and decay photons. As usual, these vectors are defined in the planes that are perpendicular to the photon momenta k 1 and k 2 and are characterized by the angles χ 1 and χ 2 with respect to the planes as spanned by the quantization axis and the unit vectorsk 1 and k 2 , respectively. Figure 1 . Geometry (in the ion rest frame) for the radiative recombination of a free electron into an excited state of a bare projectile ion, and followed by a subsequent photon decay. The unit vectors of the linear polarization of the recombination and decay photons are defined in the planes that are perpendicular to the photon momenta k 1 ≡ k RR and k 2 ≡ k dec , respectively.
Theoretical background

Resonance approximation
Having defined the geometry of the two-step radiative recombination, we are prepared now to derive expression for the differential cross section (DCS) of the process. The evaluation of such cross sections is usually traced back to the RR transition amplitude which, to zeroth order, is described by the diagram shown in Fig. 2 . In this diagram, p i = (p 0 i , p i ) and µ i are the asymptotic four-momentum and the spin projection of the incoming electron, and k 1,2 = (k 0 1,2 , k 1,2 ) denote the four-momenta of the first (recombination) and second (decay) photon, respectively. By assuming that-for a given energy of the incoming electrons-the x-ray detectors observe only those photons which are emitted in course of (i) the electron capture into some (excited) ionic state
decay to the ground state, we may restrict our theoretical analysis to the resonance approximation (cf. Ref. [8] for further details). Within such an approximation, the differential RR cross section reads as:
where ε d and Γ d are the energy and the width of the intermediate (excited) state, ε b is the ground-state energy, v i denotes the velocity of the incident electron in the projectile frame and α ν = (1, α) with α = (α x , α y , α z ) being the vector of Dirac matrices. In Eq. (1), moreover, the interaction of the electron with the radiation field is characterized 
describes the plane photon wave with polarization ǫ and energy k 0 = |k| = ω.
Owing to the energy conservation
only one of the photon energies can be varied independently. The radiative recombination cross section (1) is therefore differential in the angle and energy of the second photon but only with regard to the angle of the first photon. Moreover, if we assume the width Γ d of the intermediate excited state to be small compared to a distance to other states, we may extend the k 0 2 integration to the interval (−∞, ∞). Then by making use of the identity
we can easily integrate Eq. (1) also over the energy of the second (decay) photon and finally obtain the double-differential RR cross section:
and where, for the sake of brevity, we have introduced the notation R i ≡ eα µ A i,µ in order to denote the electron-photon interaction operator.
Alignment of excited ionic states
Equation (5) as derived in the previous Section enables one to analyze the angular and polarization correlations between the photons emitted in the two-step radiative recombination of (initially) bare ions. In order to perform such an analysis, it is useful to re-write the doubly-differential RR cross section as:
where we assume that incoming electrons are unpolarized and that the spin state of the residual ion remains unobserved. In Eq. (6), moreover, we have introduced the density matrix of the intermediate ionic state:
This density matrix describes the magnetic sublevel population of the ion after the electron has been captured and the (first) RR photon has left the system along the directionn 1 = (θ 1 , φ 1 ). Instead of using the density matrix (7), however, it is often more convenient to represent the intermediate state of the ions in terms of the so-called statistical tensors ρ
kq . Although, from a mathematical viewpoint, the statistical tensors are equivalent to the density matrix, they are constructed to represent the spherical tensors of rank k and component q (cf. Refs. [16, 23, 24] for further details):
where
denote the Clebsch-Gordan coefficients. Owing to the properties of these coefficients, the tensor components ρ
In the theory of atomic collisions, the statistical tensors (8) are often re-normalized with respect to the zero-rank tensor [23, 24] 
These reduced tensors (or alignment parameters) are then independent on the particular normalization of the ion density matrix and are directly related to the relative population of the individual substates |n d j d µ d . By making use of these alignment parameters we may finally write the differential RR cross section as:
This cross section still depends on the polarization states and emission angles of both, the recombination and decay photons, because of the dependence of the reduced statistical
kq (θ 1 , φ 1 ; ǫ 1 ) as well as the bound-bound transition amplitudes
on the angular and polarization properties of the emitted (first and second-step) photons.
Evaluation of the free-bound and bound-bound transition amplitudes
As seen from Eqs. (8)- (10), any further analysis of the angular and polarization correlations between the recombination and subsequent decay photons can be traced back to the free-bound and bound-bound transition amplitudes,
Since the evaluation of these matrix elements has been discussed in detail elsewhere (cf. Refs. [14, 16] ), here we just restrict ourselves to a rather short account of the basic relations. In particular, the evaluation of these matrix elements is significantly simplified if their radial and spin-angular parts are separated from each other. In order to perform such a separation we have to employ the standard (two-component) representation of Dirac's wavefunction and to decompose the electron-photon interaction operator (2) into its partial fields. Most naturally, this decomposition can be carried out if we re-write the polarization vector of the photon ǫ in terms of two (linearly independent) basis vectors ǫ λ , with λ = ±1 being the photon helicity (i.e. the spin projection on the direction of propagation), and if we make use of the standard expansion [25] :
for the right-(λ = +1) and left-hand (λ = −1) circularly polarized light. In this expression, which has been derived for an arbitrary choice of quantization (z-) axis, Making use of the expansion (11) and the Wigner-Eckart theorem, we can now represent the bound-bound transition amplitude
in terms of its reduced multipole matrix elements. These reduced matrix elements can be easily splitted into their radial and angular parts, and where the angular part can be evaluated analytically by using the calculus of the irreducible tensor operators. The radial part is in contrast represented by a one-dimensional integral which has to be computed numerically. For the details of these calculations we refer to Refs. [16, 26, 27] .
In contrast to the bound-bound transition amplitude, the evaluation of the freebound matrix elements n d j d µ d |−eα · A| p i µ i requires a decomposition not only for the photon plane wave (2) but also for the continuum electron wave which still occurs with well defined asymptotic momentum p i . As discussed previously [14] , the particular form of such a decomposition depends on the choice of quantization axis. Using, for example, the electron momentum p i as the quantization axis for the decomposition, the full expansion of the incoming electron wave function is given by
where ∆ κ is the Coulomb phase shift and |ε i κµ i is the partial electron wave with the energy ε i = p 0 i and the Dirac quantum number κ = (−1) j+l+1/2 (j + 1/2) determined by angular momentum j and parity of the state l. This expansion enables one to express the free-bound transition amplitude
as a sum of partial amplitudes ε i κµ i |−eα · A| n d j d µ d which, in turn, can be evaluated by employing the photon wave decomposition (cf. Eqs. (11)- (12)).
Polarization correlation studies
Until now, we have discussed the evaluation of the doubly-differential cross section (10) for the two-step radiative recombination. In the following, we shall apply this RR cross section in order to study the angular and polarization correlations between the two emitted photons. We will pay attention especially to two scenarios for these studies. In Section 3.4.1, we shall discuss the polarization of the second, the decay photon as measured in coincidence with the recombination photon whose polarization remains unobserved in this case. In contrast, the angular distribution of the characteristic radiation, following the electron recombination into an excited ionic state and together with the emission of a linearly polarized recombination photon into some particular direction will be obtained later in Section 3.4.2.
Angle-polarization RR studies:
As said above, we shall first analyze the linear polarization of the characteristic radiation by assuming that the polarization properties of the recombination light are not resolved. With this assumption in mind, the differential RR cross section reads as:
In this expression, we have performed the summation over the spin states of the (first) recombination photons and have fixed its emission anglesn 1 = (θ 1 , φ 1 ). Despite this summation, Eq. (15) still contains the complete information about the polarization and angular properties of the subsequent decay radiation which follows the emission of the recombination radiation into a particular directionn 1 . Stokes parameter P 1 of the Lyman-α 1 radiation following the radiative recombination of a free electron into the 2p 3/2 state of the bare uranium projectile U 92+ with energies T p = 10 MeV/u (upper row), 200 Mev/u (middle row) and 600 MeV/u (bottom row). These projectile energies correspond to the kinetic energies of an incoming electron with E 0 = 5.48 keV, 109.7 keV and 329.1 keV in the ion-rest frame, respectively. The polarization parameter is displayed in the projectile frame and for the axial angles φ 2 ≡ φ Ly = 0
• (left column), 45
• (middle column) and 90
With the help of Eq. (15), we can evaluate the linear polarization of the decay photons. However, before doing so we shall first agree about the parameters which are used in order to characterize both, the degree as well as the direction of such a polarization. From an experimental viewpoint, the polarization of the emitted photons are most easily described in terms of the so-called Stokes parameters which are determined by the intensities of the light I χ ∼ dσ χ linearly polarized under different angles χ with regard to the reference plane that is spanned by the quantization axis (the beam direction) and the emitted photon momentum k (cf. Fig. 1 ). For instance, while the parameter P 1
is derived from the intensities of light, polarized in parallel and perpendicular to the reference plane, the parameter P 2 follows from a similar ratio, taken at χ = 45
• and χ = 135
• respectively:
As seen from these expressions, any polarization analysis of the characteristic radiation requires the evaluation of the differential cross section describing the emission of linearly polarized (decay) photons under the anglesn 2 = (θ 2 , φ 2 ). Applying the standard decomposition of the linear polarization vector in terms of the circular polarization states [25] :
such a differential cross section can be easily derived from Eq. (15) and from the explicit form of the electron-photon interaction operator R 2 as:
Together with Eq. (12), this expression enables us to calculate the Stokes parameters (16)- (17) of the subsequent decay photons. Apart from the emission anglen 2 = (θ 2 , φ 2 ) the polarization Stokes parameters will depend also on the directionn 1 = (θ 1 , φ 1 ) of the recombination photons, providing thus an opportunity to investigate angle-polarization correlations in the two-step radiative recombination.
Polarization-angle RR studies:
In our second case, we consider the angular distribution of the characteristic photons with unobserved polarization that follow the emission of (linearly polarized) recombination photons in some given direction
can be obtained from the general formula (10) upon summation over the spin states of the subsequent photons and by fixing the emission angle and the linear polarization angle χ 1 of the recombination light. In Eq. (20), the dependence on the angle and polarization properties of the first (recombination) photon arises from the reduced statistical tensors A
By evaluating these statistical tensors and by employing them in Eq. (20) we are able to investigate the polarization-angular correlations in the two-step radiative recombination. Mev/u (middle row) and 600 MeV/u (bottom row). These projectile energies correspond to the kinetic energies of an incoming electron with E 0 = 5.48 keV, 109.7 keV and, respectively, 329.1 keV in the ion-rest frame. The polarization parameter is displayed in the projectile frame and for the axial angles φ 2 ≡ φ Ly = 45
• (left column), and 90
• (right column). For the emission of the decay photon within the reaction plane (φ 2 = 0
• ), the Stokes parameter P 2 is zero.
Results and discussion
In the previous Sections we have derived the general formulas for the differential radiative recombination cross section (10) as well as for the angle-polarization (15) and polarization-angle (20) correlation functions. While these expressions can be applied of course to all hydrogenic states, a more detailed analysis is performed in this work for the electron capture into the 2p 3/2 state of (initially) bare uranium ions U 92+ and its subsequent Lyman-α 1 (2p 3/2 → 1s 1/2 ) radiative decay. The angular and polarization properties of the subsequent characteristic photon emission, as measured in coincidence with the recombination light, will be in the focus of forthcoming experiments at the GSI and FAIR facilities in the next few years.
Let us start our theoretical analysis of the angle and polarization correlations in the two-step RR of bare uranium ions from the computation of the Stokes parameters P 1 and P 2 for the Lyman-α 1 photons. By following an "experimentally realistic" scenario as discussed in Section 3.4.1, we here assume that characteristic photons are measured in coincidence with the recombination radiation whose polarization properties remain however unobserved. For such a scenario, the polarization parameters will depend on both, the nuclear charge Z and the projectile energy T p as well as on the angles under which the recombination and decay photons are observed. In Figures 3 and 4 , we display the Stokes parameters P 1 and P 2 as functions of the emission angle θ 2 ≡ θ Ly (of the decay photon), and calculated for different angles θ 1 = θ RR = 0
• , 45
• and 90
• for the emission of the recombination photon with respect to the beam direction. In addition, we show these (angular) distributions of the polarization parameters also for three observation planes that are tilted by φ 2 = 0 • , 45
• with regard to the reaction plane, and for the three projectile energies T p = 10, 200 and 600 MeV/u, respectively. At these energies, the forward (θ RR = 0
• ) emission of the recombination photon results in a parameter P 1 which is symmetric around θ Ly = 90
• and does not depend on the axial angle φ Ly , while the Stokes parameter P 2 vanishes completely. Such a behaviour of polarization parameters is well expected since a recombination photon emission in forward (or backward) direction does not break the axial symmetry for the intermediate "excited ion plus photon" system and, hence, leads to a diagonal density matrix (7) in this case. For this reason, the magnetic sublevel population of the 2p 3/2 excited state can be described by a single non-zero alignment parameter A Of course, the symmetry of the intermediate system is broken in all cases if the recombination photon is observed under an angle θ RR = 0
• and = 180
• . Then, the polarization of the characteristic Lyman-α radiation is described by non-zero parameters P 1 and P 2 which are dependent on the axial angle φ RR and asymmetric with respect to the angle θ Ly = 90
• . Only if the characteristic Lyman-α 1 photons are measured perpendicular to the reaction plane (φ Ly = 90
• ), a symmetric distribution around θ Ly = 90
• is again restored as can be seen from Eq. (15). For such a perpendicular (θ Ly = 90
• , φ Ly = 90
• ) geometry, one may indeed observe a rather strong linear polarization of the Lyman-α 1 line, especially if the recombination photon is emitted under the angle θ RR = 45
• with respect to the beam direction. As seen from Fig. 3 , for these angles the first Stokes parameter slightly decreases from P 1 = 0.47 to 0.41 if the projectile energy is increased from T p = 10 MeV/u to 600 MeV/u.
Until now we analyzed the linear polarization of the characteristic Lyman-α 1 (2p 3/2 → 1s 1/2 ) line as measured in coincidence with the recombination photons. In this analysis, we assumed that the spin states of the recombination radiation remain unobserved. In the following, we discuss the "inverse" situation when the (angular)
properties of the subsequent decay are observed for the case of a well-defined polarization state of the recombination radiation. Again, we restrict ourselves to the Lyman-α 1 line whose angular distribution can be obtained from the general expression (20) in the form:
Apart from the so-called structure function f
which describes the mixing between the leading electric-dipole and the (much weaker) magnetic quadrupole decay channels and which takes a value of about f 3/2,1/2 2 = 1.28 for the hydrogen-like uranium U 91+ [15] , the angular distribution (22) depends on the five tensor components A (d) 2q (n 1 ; ǫ χ 1 ), q = −2, ..., 2. As seen from Eqs. (9), (12) and (21) • , 45
• and 60
• with regard to the reaction plane. As expected, the tensor component A (d) 20 with zero projection q = 0 is purely real for all these polarization directions. In fact, this component represents the differential (in angle and polarization) alignment parameter and can be expressed in terms of the differential cross sections as:
if the capture of the electron occurs into the magnetic substate 2p 3/2 µ d and under the simultaneous emission of a photon with polarization vector ǫ χ 1 . As seen from Beside of the reduced statistical tensor A (d) 20 , which refers to the differential alignment, the spin state of the excited ions in the 2p 3/2 state is also described by the parameters A • (right column) with respect to the reaction plane.
Having discussed the properties of the reduced statistical tensors A
2q , we are now prepared to study the angular distribution (22) of the subsequent Lyman-α 1 photons. In polarization-angle coincidence measurements, this distribution will depend on both, the polarization state ǫ χ 1 as well as the angle under which the recombination photon is observed. In Fig. 6 and Fig. 7 , for example, we display the angle-differential cross section dσ(n 1 , ǫ χ 1 ;n 2 )/dΩ 2 as calculated for the RR of uranium projectile with energy T p = 1 MeV/u and for the emission of a linearly polarized recombination photon with angles χ 1 = 0
• , respectively. For these parameters we calculated the differential cross section (22) as a function of the angles θ 1 ≡ θ RR and θ 2 ≡ θ Ly of the recombination and the Lyman-α 1 photon. Moreover, since the coincidence experiments, as planned at the GSI storage ring, will be carried out most likely in a coplanar geometry (that is, when both photons are detected within the same plane), we have assumed here in the computations that φ Ly = 0
• . Again, as expected for this axial angle and for a forward emission of the recombination photon (θ RR = 0
• ), the Lyman-α 1 distribution is symmetric around θ Ly = 90
• and also has its minimum at this value since the differential alignment A • and θ RR = 180
• ), these statistical tensors are generally non-zero and give rise to an asymmetric distribution of the Lyman-α 1 photons in coincidence measurements. The asymmetric shift in the angular distribution of the characteristic radiation becomes most pronounced for the emission of the recombination photons under the angle θ RR = 17
• with respect to the beam direction.
Summary
In this paper, we re-investigated the radiative recombination of a free electron into an excited state of a bare, high-Z ion and its subsequent photon decay. Based on the resonant approximation and the density matrix formalism we derived a general expression for the double-differential RR cross section which accounts for both, the angles and the polarization states of the recombination and the subsequent decay photons. By making use of this differential cross section we studied the polarization and angular correlations between the two emitted photons. In particular, we analyzed how the linear polarization of the characteristic radiation depends on the particular angle under which the recombination photon is observed. In a second scenario, the correlations between the polarization states of the recombination photons and the emission pattern of the subsequent decay have also been discussed. Although the expressions derived in this paper can be applied to any excited hydrogenic state, detailed calculations were performed for the electron capture into the 2p 3/2 state of (initially) bare uranium ions 
